Gas bearings are popular for their high speed capabilities, low friction and clean operation, but suffer from poor damping, which poses challenges for safe operation in presence of disturbances. Enhanced damping can be achieved through active lubrication techniques using feedback control laws. Such control design requires models with low complexity, able to describe the dominant dynamics from actuator input to sensor output over the relevant range of operation. The mathematical models based on first principles are not easy to obtain, and in many cases, they cannot be directly used for control design due to their complexity and parameter uncertainties. As an alternative, this paper presents an experimental technique for "in situ" identification of low complexity models of the entire rotor-bearingactuator system. Using grey-box identification techniques, the approach is shown to be easily applied to industrial rotating machinery with gas bearings and to allow for subsequent control design. The paper shows how piezoelectric actuators in a gas bearing are efficiently used to perturb the gas film for identification over relevant ranges of rotational speed and gas injection pressure. Parameter-varying linear models are found to capture the dominant dynamics of the system over the range of operation. Based on the identified models, decentralised proportional control is designed and is shown to obtain the required damping in theory as well as in a laboratory test rig.
Test rig dimension
(1) (7) Figure 1 : The experimental controllable gas bearing setup. A turbine (1) drives a flexible shaft (2), which is supported by both a ball bearing (3) and the controllable gas bearing (4) with four piezoactuated injectors. A disc (5) is mounted in one end to preload the journal and displacement sensors (6) measure the lateral movement of the disc in the shown reference frame. A quadrature encoder (7) measures the angular position.
Experimental Setup of Controllable Gas Bearing Test Rig

66
The experimental controllable gas bearing setup at hand is shown in Fig. 1 . It consists of a turbine (1) driving 67 a flexible shaft (2) supported by both a ball bearing (3) and the controllable gas bearing (4), in which pressurised 68 air is injected through four piezoactuated injectors numbered as shown. The injection pressure P inj is measured by drawing of the test rig, where the gas bearing is cut in half to visualise the control mechanism. The nominal clearance 75 of the gas bearing is 25 µm. Given the right conditions of sufficient injection pressure and sufficiently low rotational 76 speed, the gas film generates restoring forces and thereby keeps the rotor levitating about a stable equilibrium, and 77 opening or closing an injector perturbs the gas film. Physical dimensions of the test rig are shown in Table 1 . All 78 measurements are sampled with period T s = 0.2 ms. A detailed description of the setup is available in [23] .
79
The piezoelectric stacks in the piezoactuators have two inherent nonlinear phenomena [24, 25] : creep and hys-80 teresis. Hysteresis causes uncertainties in the piezoactuator position, which is a challenge for modelling and control.
81
To counteract these nonlinear effects, decentralised PD-controllers are deployed. The controllers allow piezoactuator 82 i, i ∈ {1, 2, 3, 4} to track a reference position r p,i . This is described in detail in Appendix A, and it is shown, that the 83 closed loop piezoactuator dynamics can be captured by linear models, which is pursued further in Sec. 3.7.
84
The four piezoactuators are available to control the shaft displacement in x and y. Individual control of the 85 piezoactuators gives the challenge of control allocation. Instead they are pairwise controlled using a differential 86 principle. Piezoactuator reference positions r(t) [r x (t), r y (t)] T are commanded using: 87 r p,1 (t) = r 0 + r y (t) r p,2 (t) = r 0 + r x (t), r p,3 (t) = r 0 − r y (t) r p,4 (t) = r 0 − r x (t),
i.e. one reference signal r x is sent to the pair of piezoactuators mounted horizontally, and one reference signal r y is 88 sent to the pair mounted vertically as shown in Fig. 3 . The constant offset r 0 is chosen to ensure the largest dynamical 
The measurements of this difference of piezoactuator positions combined with the measurement of lateral disc 
95
The measured inputs and outputs of each subsystem are used to identify models as shown in Fig. 4 . The entire rotor- 
The individual models are derived in the following sections. 
Experimentally-Based Modelling Aided by Grey-Box Identification
100
This section presents a low-complexity linear dynamical model describing the controllable gas bearing and rotor
101
dynamics. The proposed model is shown to capture the dominant dynamics well, and its simplicity makes it suitable 102 for controller design. The model parameters are found from experimental data using grey-box system identification
103
[26]. Experiments performed over the operating range allow the description of the overall dynamic behaviour of 104 the controllable gas bearing. Multiple data sets collected at each operational condition are used for cross-validation 105 ensuring the quality of the identified models. The presence of nonlinear phenomena in the shaft actuation is assessed by the collection of a staircase response,
108
where a stepwise increasing voltage is applied to the commanded piezoactuator positions r, followed by a stepwise Figure 5 shows such a mapping for the injection 111 pressureP inj = 6 bar, and the rotational speedΩ = 0 rpm. The linear relation from inputs to outputs is evident.
112
Cross-coupling gains from the aerostatic effect are also present in the system, though with small influence. This 
Grey-Box Model of Rotor-Bearing System
119
A combined model of the rotor and the gas bearing can be set up as a 2 DOF coupled mass-spring-damper 120 equivalent in a neighbourhood around the two first eigenfrequencies. For given constant shaft rotational speed Ω =Ω 121 and injection pressure P inj =P, the model reads:
where M = diag(m, m) is the mass matrix, D is the damping matrix, G represents the antisymmetric gyroscopic shaft. Section 3.1 showed that the disc lateral movement could be approximated proportional to u, and it is therefore 131 reasonable to assume that the active forces are also proportional to the delayed signal
with a gain B p :
This suggests a model structure for identification. With a model structure known, the identification of the rotor-
134
bearing system parameters is sought through grey-box identification. The grey-box modelling is eased by reformula- 
where the system-, input gain-, and output matrix are:
and hence a first order Padé approximation is used instead, which gives:
Equation 9 has an equivalent state space description with state vector denoted x τ , and matrices A τ , B τ , C τ , D τ . The
152
controllable rotor-bearing model emerges from substitution of the Padé approximated time delay Eq. 9 into Eq. 6: The parameters of Eqs. 7 and 9 in Eq. 10 are identified by recasting the problem to a model parametrised in 
Difference of piezoactuator positions
Disc lateral movement 
Grey-Box Model of Piezoactuators
160
A similar model can be set up for the PD-controlled piezoactuator pairs. Each pair of piezoactuators can be 161 modelled as a second order low-pass filter. The piezoactuator dynamics is written as transfer functions with gains κ a, j 162 and two poles p 1, j , and p 2, j , where the subscript j refers to the pair of horizontal (x) or vertical (y) piezoactuators.
163
Considering the commanded reference position as input, the piezoactuator dynamics G act then reads:
in which G a, j (s) is the second order filter of the specified form. The piezoactuator dynamics can also be written in 
thus the actuator model M a (θ a ) has been set up, which reads:
Description of Experiments
170
The sought model should represent the controllable gas bearing over the entire operating range. Previous work
171
[22] show that the gas bearing coefficients mainly depend on two parameters: the rotational speed Ω and injection submodel and u(t) and the lateral disc movement p(t) are logged as input and outputs for the rotor-bearing model. 
Prefiltering
182
Prefiltering is required before carrying out the identification to remove offsets, response from run-out, and mass
183
unbalance from the raw position measurements p raw . A data set is collected at each investigated operational con- between the one step ahead measured and the predicted output (t) p(t) −p(t). The minimum is sought using the 195 prediction error method (PEM) [26] , such that the optimal parameter set reads:
The model update iterations should stop when the parameter estimates converge. This convergence is decided when Figure 8: Estimated gains κ a,x , κ a,y , slow poles p 1,x , p 1,y , and fast poles p 2,x , p 2,y of the actuator models from Eq. 12 across the models identified from different data sets.
Identification of Actuator Models
209
The actuator dynamics is identified using the same procedure as in Sec. 3.6. An actuator model M a (θ a ) is identified 210 from each data set {r(t), u(t)}. Figure 8 shows the estimated gains and poles {κ x , κ y , p 1,x , p 2,x , p 1,y , p 2,y } of the identified 211 models using Eq. 12 across the data sets. The actuator parameters do not vary over the range of injection pressure however excite the under-damped eigenfrequencies of the bearing dynamics and cause big amplitude shaft oscillations.
216
Since the actuator dynamics are found to be independent of rotational speed and injection pressure, a nominal 217 model is chosen as the one with the highest mean of fit-percentages in cross-validation. This is No. 39, which has 218 parameters listed in Table 2 . 
Model Cross-Validation
220
The quality of the identified models is assessed by cross-validating them on other data sets collected at similar 221 operational conditions.
222
A simulation compares how well each identified model is at predicting the response for a cross-validation data 223 set. Model j identified from dataset j is validated on dataset j + 1 collected at the same rotational speed and injection 224 pressure. Figure 9 shows a histogram of the cross-validation fits. The horizontal fit mean value is µ bh = 81.1% and 225 its standard deviation is σ bh = 2.66%, and the vertical fit mean value is µ bv = 85.1% and its standard deviation is 226 σ bv = 3.37%. These are high fit percentages indicating the models can well describe the behaviour of the rotor-bearing 227 system. The simulation residual (t) defined as the difference between measured response p and predicted response 228p (θ b ) should ideally be white noise. This is not the case, and the residual will to some extent be cross-correlated with 229 the inputs. This is a penalty of the simple model structure. The infinity norm of the residuals is, however, small for all 
243
The rotor-bearing model parameters are expected to depend continuously on injection pressure and rotational speed.
244
Each key parameter is therefore approximated onto a polynomial surface. A second order polynomial is chosen to 245 avoid over-fitting. Thereby the identified stiffness, damping and gain matrix coefficients (·) i j , where (·) ∈ {k, c, b} and 246 i, j ∈ {x, y} (e.g. k xy ) and the time delays τ x and τ y are modelled as:
This describes a surface in space, whose cross-sections are a parabola. The parameters of the polynomial models are All parameters (stiffness, damping, gain terms and time delays) have been parametrised in the same manner. This 260 in turn allows for the assembly of the linear parameter varying model:
Where the parameters from Eq. 16 are used to assemble the matrices:
This linear parameter varying model has rotational speed and injection pressure as scheduling parameters, and for 263 constant parameters (Ω, P inj ) = (Ω,P inj ), the bearing transfer function can then be defined:
The linear parameter varying model in Eq. 17 is valid if it preserves the main characteristics for the rotor-bearing 
283
The entire model results from cascading the linear parameter varying model with the piezoactuator model Eq. 12:
which is readily evaluated for a given operational condition. 
Decentralised P-control of Controllable Gas Bearing
286
The poor damping properties of the controllable gas bearing can be improved by means of active control. A P-
287
controller is designed using the proposed model, which strongly increases the closed loop damping factor. is designed for the horizontal and vertical directions to improve the damping properties. The control law is r(s) 297 K pl (s)p(s), where the controller K pl has the form:
The controller parameters to be tuned are the proportional gains κ x and κ y . An n K -th order lowpass filter H lp (s) is 
The output sensitivity S o and closed loop controller sensitivity K pl S o are useful tools for tuning the controller gains.
303
The output sensitivity both allows evaluation of the reduction in sensitivity in the desired frequency range, while at the and this is affordable as the mass unbalance response at these frequencies is low. Figure 21 shows the open loop 313 magnitude response p(s) = G(s)r(s) compared to the closed loop input disturbance response p(s) = S o (s)G(s)r(s).
314
The reduction in peak gain is evident. 
Experimental Results
316
The increase in damping is experimentally validated by comparing the lateral disc response to impulse excitation ensure equal excitation across the experiments to be compared. Figure 22 shows the horizontal impact responses. Only 320 the horizontal responses and control signals are shown as the controller almost eliminates cross-coupling oscillations.
321
The increase in damping is evident. A vertical impact shown in Fig. 23 reveals a similar performance as expected. The 322 impact responses are fitted to a two degrees of freedom using the system identification procedure described in [21] .
323
This allows comparison between the expected results using the model and the results obtained from experiments.
324
The expected and obtained open loop natural frequencies ω 1,ol , ω 2,ol and similarly closed loop natural frequencies 325 ω 1,cl , ω 2,cl are compared in Table 3 , and show good agreement. results in a large change in damping factor for the gas bearing, similarly a small model uncertainty can cause a large 329 damping factor uncertainty.
330
The measured impact responses are validated against the model using the following approach. An impact enters 
336
The controller stabilises the controllable gas bearing for non-zero rotation speeds as well, which can be validated 
Conclusion 364
Grey-box modelling was used to successfully develop accurate linear models of an entire rotor-bearing-actuator 365 system from experimental data. The models were identified "in situ" without knowing the exact geometry of the 366 machine to be modelled, and the developed models were shown to be suitable for controller design due to their low 367 complexity. The model was decomposed to two subsystems: an actuator dynamics and a rotor-bearings dynamics,
368
where the subsystems were identified separately. It was found that incorporation of the air pressure build-up dynamics 369 was necessary to match observed behaviour, which was accomplished by approximation of the unknown time delays.
370
The approximated delays could then be included as parameters in the grey-box identification. A filter was shown to 
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